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Abstract
In this note we disprove the uniform shortest path routing conjecture for vertex-transitive
graphs by constructing an in4nite family of counterexamples. ? 2002 Elsevier Science B.V.
All rights reserved.
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Let G be a connected graph on a vertex set V . A routing in G is a set R= {Puv | (u; v)
∈V × V; u = v} of |V |(|V | − 1) paths in G, where each individual path Puv has initial
vertex u and terminal vertex v. (We note that the paths Puv and Pvu may be di=erent.)
We say that R is a shortest path routing if the length of each path Puv ∈R is equal
to the distance d(u; v) of the vertices u and v in the graph G. Any subset R′ of a
routing R is a partial routing. For any vertex w of G the load of w in a partial routing
R′ ⊆ R, denoted by (R′; w), is the number of paths in R′ that pass through w (i.e.,
that contain w as an internal vertex). For a routing R let (R) be the maximum of
the loads (R; w) over all vertices w of G. The vertex-forwarding index (G) of the
graph G is the minimum of (R) over all routings R in G.
Routings and the associated forwarding indices have been studied extensively (see
e.g. [1,5,6,3]); for a most recent survey we recommend [4]. Here we just need the
following basic facts from [1].
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Proposition 1. Let G be a connected graph of order n. Then
(G)¿
1
n
∑
u
∑
v =u
(d(u; v)− 1)
with equality holding if and only if there exists a shortest path routing in G for which
the load of all vertices is the same.
A routing for which equality holds in the above will be called a uniform shortest
path routing. As observed by several authors (cf. [4] for details), each connected
Cayley graph has a uniform shortest path routing. In this connection the following
natural conjecture appeared in [5] (see also [4]):
Conjecture 2. Every connected vertex-transitive graph admits a uniform shortest path
routing.
The result about uniform shortest path routings in Cayley graphs was extended in
[3] to connected graphs having regular families of automorphisms, that is, subsets (not
necessarily subgroups) of automorphisms that act regularly on the vertex sets. All such
quasi-Cayley graphs are vertex-transitive and con4rm the above Conjecture.
A natural class of graphs to test the Conjecture are the generalized Petersen graphs
P(n; k); 16 k6 	n=2
, of order 2n, with vertex set {ui; vi | i∈Zn} and edge set
{uivi; uiui+1; vivi+k | i∈Zn}. Note that P(5; 2) is the classical Petersen graph and P(10; 2)
is the graph of the dodecahedron. It is well known [2] that P(n; k) is vertex-transitive
if and only if k2 ≡ ±1 (mod n) or (n; k)= (10; 2). Also, it follows from [3] that all
generalized Petersen graphs P(n; k) with k2 ≡ ±1 (mod n) have a regular family of
automorphisms, and thus admit uniform shortest path routings.
Curiously enough, the exceptional dodecahedron graph P(10; 2), which is well known
to be vertex-transitive but not Cayley, turns out to be a counterexample to
Conjecture 2.
Theorem 3. The graph of the dodecahedron has no uniform shortest path routing.
Proof. Throughout, let G=P(10; 2) be the dodecahedron graph with vertex set V . We
will refer to G as depicted in Fig. 1; let V =VO ∪ VI where VO is the set of the 10
vertices on the outer rim in Fig. 1 and VI is the set of the remaining 10 “inner” vertices
of G.
Assume the contrary and let R= {Puv | (u; v)∈V × V; u = v} be a uniform shortest
path routing in G. For each vertex z of G let Rz be the induced local partial routing at
z, given by Rz = {Pzv ∈R | v∈V; v = z}. For any partial routing R′ of R we introduce
the concept of the di<erence N(R′) de4ned by
N(R′)=
∑
x∈VO
(R′; x)−
∑
y∈VI
(R′; y):
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Fig. 1. The local partial routing R3s of paths of length at most 3.
Of course, from the assumptions on our routing R it follows that N(R)= 0. As
R=
⋃
z∈V Rz, we, obviously, have
N(R)=
∑
z∈V
N(Rz)=
∑
x∈VO
N(Rx) +
∑
y∈VI
N(Ry)= 0: (1)
Let s be a 4xed vertex in VO and for 36 i6 5 let Ris denote the partial routing
consisting of all paths in Rs of length at least two and at most i. The basic observation
here is that because in our (partial) routings only the shortest paths appear, the partial
routing R3s is uniquely determined — in the sense that it does not depend on the choice
of the shortest path routing R we begin with. In Fig. 1 the numbers at vertices are the
loads induced by the partial routing R3s (displayed in thick lines). For the corresponding
di=erence we therefore obtain
N(R3s )=
∑
x∈VO
(R3s ; x)−
∑
y∈VI
(R3s ; y)= 10− 8=2:
Next, we focus on the three vertices t, u and v (Fig. 1) at distance 4 from s. Looking
at Fig. 1 we see that for the path Pst ∈R4s ⊂ R there are only two choices, and as each
of them (when regarded as a partial routing consisting of a single path) has di=erence
−1 it follows that N(Pst) =− 1. For the path Psu ∈R of length 4 we again have two
possibilities but this time the di=erence of one of the paths is +3 while the di=erence
of the other one is −3 (consult Fig. 1); therefore N(Psu)= ± 3. Due to symmetry,
the same holds for the vertex v. Thus, regardless of which of these paths of length 4
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actually appear in R4s ⊂ R, we have
N(R4s )=N(R
3
s ) + N(Pst) + N(Psu) + N(Psv)= 2− 1± 3± 3
and therefore N(R4s )∈{−5; 1; 7}.
It remains to examine the unique vertex w at distance 5 from s. The path Psw ∈R5s ⊂
R passes either through the vertex t or (without loss of generality) through u. In the
4rst case, we have a choice of two paths, both of di=erence −2. In the second case,
we again have two possible paths, this time of di=erence 4 and −2 (which can be seen
in Fig. 1). Therefore N(Psw)∈{−2; 4}, and so
N(Rs)=N(R5s )=N(R
4
s ) + N(Psw)∈{−7;−1; 5; 11}:
In particular, it follows that
N(Rx) ≡ −1 (mod 6) for each x∈VO: (2)
In a similar manner the reader may check that for vertices in VI the di=erence values
of the local partial routings are even more restricted: as N(R3y)= − 2, N(R4y)= − 1,
and N(Pyz)= 0 where z is the antipode of y, we obtain
N(Ry)=− 1 for each y∈VI: (3)
The rest is straightforward: By the Eqs. (1), (2) and (3) we see that
0=N(R)=
∑
x∈VO
N(Rx) +
∑
y∈VI
N(Ry) ≡ −20 (mod 6);
a contradiction.
Perhaps, the quickest way to construct more counterexamples is to look at super-
graphs of P(10; 2) in which each shortest path of length at least two projects (in some
natural way) onto a shortest path in the P(10; 2). Such a “projection property” would
enable us to reduce the load calculations to the ones we have seen in the proof of
Theorem 3. From this point of view the most suitable candidates are strong products
of P(10; 2) with complete graphs. We recall that the strong product G H of two
graphs G and H has vertex set V (G)×V (H), and two vertices (g1; h1) and (g2; h2) are
adjacent in GH if either g1g2 ∈E(G) and h1 = h2, or if g1 = g2 and h1h2 ∈E(H), or
else if g1g2 ∈E(G) and h1h2 ∈E(H). It is well known and easy to see that the strong
product of vertex-transitive factors is vertex-transitive. For more facts about strong
products we recommend [7].
If we now take G=Kq, the complete graph on q vertices, and H =P(10; 2), it is
easy to see that each shortest path between two non-adjacent vertices in GH indeed
projects (in the sense of “erasing” the 4rst coordinate) onto a shortest path of the
same length in the factor H =P(10; 2). This leads to the following in4nite family of
counterexamples to the uniform shortest path routing conjecture for vertex-transitive
graphs.
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Theorem 4. If q ≡ 0mod 3 then the (vertex-transitive) graph Kq P(10; 2) has no
uniform shortest path routing.
Proof. Let L=Kq  P(10; 2) and let  :L → P(10; 2) be the projection given by
(g; h)= h. Let Q be a uniform shortest path routing in L. We will adopt the termi-
nology and notation from the preceding proof; in order to distinguish computations in
the product L from those in the quotient P(10; 2) we will add the subscript L to the
parameters  and N. Thus, for any partial routing Q′ of Q the di=erence NL(Q′) will
be de4ned by
NL(Q′)=
∑
xˆ∈−1(VO)
L(Q′; xˆ)−
∑
yˆ∈−1(VI)
L(Q′; yˆ);
again, our assumption on Q implies that NL(Q)= 0. We have previously denoted the
vertex set of P(10; 2) by V ; let W be the vertex set of Kq. If (a; s)∈W × V is an
arbitrary vertex of L, we let Q(a; s) denote the partial routing consisting of all paths in
Q that emanate from (a; s). Also, for any b∈W let Qb(a; s) be the sub-routing of Q(a; s)
formed by the paths from (a; s) to (b; t) where t ranges over the vertex set V \ {s}.
Observe that for each b∈W the set Rs;b= (Qb(a; s)), that is, the set of projections of
the paths in Qb(a; s), is a local partial shortest path routing in P(10; 2) at s (as de4ned
at the beginning of the proof of Theorem 3). Moreover, it can be easily checked that
for each vertex z ∈V , the number of paths in Qb(a; s) that pass through the vertices of
−1(z) in L is equal to the number of paths of Rs;b in P(10; 2) passing through z, in
symbols,
∑
zˆ∈−1(z)
L(Qb(a; s); zˆ)= (Rs;b; z):
It follows that for each vertex s∈V and each a; b∈W we have
NL(Qb(a; s))=N(Rs;b):
By (2) and (3) of the previous proof we know that N(Rs;b) ≡ −1 (mod 6), and therefore
also NL(Qb(a; s)) ≡ −1 (mod 6) for any a; b∈W and any s∈V .
The routing Q is clearly a union of all the partial routings Qb(a; s), taken over all
a; b∈W and all s∈V , together with all paths in Q that have length one. As the latter
do not contribute to vertex loads, from the last congruence we obtain
NL(Q)=
∑
s∈V
∑
a∈W
∑
b∈W
NL(Qb(a; s)) ≡ −20q2 (mod 6);
which is not congruent to 0 unless q is divisible by 3.
With regard to positive integers q divisible by 3, it can be shown that the graphs
Kq  P(10; 2) are Cayley graphs of the groups A5 × Zq=3. Calculations related to
proving non-existence of a uniform shortest path routing thus provide an interesting
indirect tool for proving that certain vertex-transitive graphs — such as the ones from
Theorem 4 — are not (quasi-) Cayley graphs! Because of the growing interest in
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vertex-transitive non-Cayley graphs we sum up our discussion also in the following
form.
Corollary 5. The (vertex-transitive) graph Kq  P(10; 2) is a Cayley graph if and
only if q is divisible by 3.
In conclusion, we note that in4nite classes of vertex-transitive graphs that are not
quasi-Cayley (such as the Kneser graphs K(2p + 1; p) for prime p¿ 3) have been
identi4ed in [3]. It is quite plausible that more such families (and hence more candidates
for counterexamples to the uniform shortest path routing conjecture) could be found
by checking the wealth of vertex-transitive non-Cayley graphs of [8,9].
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